
Statistical Mechanics of Ising 
model – brief course 











• Given that a person’s last cola purchase was Coke, 
there is a 90% chance that his next cola purchase will 
also be Coke. 

• If a person’s last cola purchase was Pepsi, there is 
an 80% chance that his next cola purchase will also be 
Pepsi. 
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Markov Process 
Coke vs. Pepsi Example 











8.02.0

1.09.0
P

transition matrix: 



Given that a person is currently a Pepsi purchaser, 
what is the probability that he will purchase Coke two 
purchases from now? 

Pr[ Pepsi?Coke ] =  

Pr[ PepsiCokeCoke ] + Pr[ Pepsi Pepsi Coke ] = 

               0.2  *    0.9             +                0.8    *     0.2            = 0.34    
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Markov Process 
Coke vs. Pepsi Example (cont) 

Pepsi  ? ?  Coke 
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Given that a person is currently a Coke purchaser, 
what is the probability that he will purchase Pepsi 
three purchases from now? 

Markov Process 
Coke vs. Pepsi Example (cont) 
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•Assume each person makes one cola purchase per week 

•Suppose 60% of all people now drink Coke, and 40% drink Pepsi 

•What fraction of people will be drinking Coke three weeks from now? 

Markov Process 
Coke vs. Pepsi Example (cont) 
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Pr[X3=Coke] = 0.6 * 0.781  +  0.4 * 0.438  =  0.6438 

 

Qi - the distribution in week i 

Q0=(0.6,0.4) - initial distribution 

Q3= Q0 * P3 =(0.6438,0.3562)  
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Simulation: 

Markov Process 
Coke vs. Pepsi Example (cont) 
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stationary distribution 
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Markov Chain  
Monte Carlo 

• Generate a sequence of states X0, X1, …, Xn, such that 
the limiting (stationary) distribution is given P(X) 

• Move X by the transition probability  

 W(X -> X’) 

• Starting from arbitrary P0(X),  we have 

 Pn+1(X) = ∑X’ Pn(X’) W(X’ -> X) 

• Pn(X) approaches P(X) as n go to ∞ 
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• Ergodicity 

[Wn](X - > X’) > 0 

For all n > nmax, all X and X’ 

 

• Detailed Balance 

 P(X) W(X -> X’) = P(X’) W(X’ -> X) 

Necessary and sufficient conditions for 
convergence 
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Taking Statistics 

• After equilibration, we estimate: 
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where 𝑋𝑖 are generated by the stochastic process 
(Markov chain). 
 
Remark: probability distribution P(X) is „absorbed” in 
the stochastic process that generate 𝑋𝑖 . 
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Choice of Transition Matrix W 

• The choice of W determines an algorithm.  
The     equation  

        P(X)W(X->X’)=P(X’)W(X’->X) 

     has (infinitely) many solutions given P. 

• Any one of them can be used for Monte Carlo 
simulation. One of the simplest and most 
popular is the so-called Metropolis algorithm. 







𝑆𝑖  

𝑆𝑖𝑆𝑗 



𝑆𝑖𝑆𝑗  𝑆𝑖𝑆𝑗  < 𝑆𝑖𝑆𝑗 >−< 𝑆𝑖 >< 𝑆𝑗 > = < 𝑆𝑖Sj > −m2  



Spontaneous symmetry breaking in Ising model (h=0) 

Hamiltonian preserves (global) up-down symmetry 
 
Magnetization should be thus always zero 
 
In the limit of large system (and sufficiently low temperature) the 
ergodicity is broken and time average does not equal to the canonical average 



Mean-field approximation 

In the mean-field approximation we consider a single spin.  Its interactions with other  
spins are replaced by a certain effective (mean) field: 

z – number of nearest neighbours 



Mean-field approximation 

Thus, the Ising model becomes equivalent to the system of noninteracting spins 
in the effective field.  For each such a spin the Boltzmann probability becomes:  

For such a spin one can calculate its magnetization: 



Mean-field approximation 

Thus one arrives at the following equation: 

Problem: Find the critical temperature 𝑇𝑐 within MFA and magnetzation close  to  𝑇𝑐. 

Using 

one finds that m=0 is the only solution for T> 𝑇𝑐, where 𝑇𝑐 =
𝑧𝐽

𝑘
 

Near 𝑇𝑐   one obtains: 

And thus: 



Introducing the reduced temperature 

One arrives at: 

Problem: Find the susceptibility  

Expanding mean-field equation in presence of magnetic field h one finds 

That after differentiation gives 

Mean-field approximation 



Mean-field approximation 

Finally one obtains: 



Problem: Calculate susceptibility using  the exact identity 

Within MFA one obtains: 

That does not diverge at the critical temperature. (MFA is inconsistent!) 



Mean-field approximation - free energy approach 

In the mean-field approximation the mean Ising energy becomes 

Assuming that c is the mean-field probability of a spin being „up” we have: 

and 



Mean-field approximation - free energy approach 

Finally, one obtains 



Mean-field approximation - free energy approach 



Mean-field approximation - free energy approach 

Problem: Show that the mean-field free energy can be expanded as 

Problem: Examine the free energy in presence of magnetic field.  





Metastability in Ising model …. and at home 

https://www.youtube.com/watch?v=ph8xusY3GTM


Surface tension 

Molecules on the surface are less 

bounded than molecules in the bulk. 

There is therefore an energy associated 

with a free surface. 

 

More rigorously: there is a free energy 

associated with an interface. 

This energy gives rise to the surface 

tension  



F 
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The energy per unit area is  

It can often be thought of as a force 

 

Surface tension 

𝑑𝐴 = 𝐹𝑑𝑥 

Surface tension in Ising model measures the excess 
free energy due to the interface 



(Lifshitz law) 

𝑡 ~𝑟2 (𝑟~t
1
2   ) 

Droplet lifetime  (h=0) 

Laplace Law (∆𝑝 = 2𝜎/𝑅)  & Fick Law 



𝑙~ 𝑡 holds also for d>1 models Remark: 

Dynamics: one-dimensional T=0 Ising model 



conserved vs. non-conserved dynamics 



Ising model with S=1    (Blume-Capel model) 

where 𝑠𝑖 = −1,0, or 1 

• Derive the mean-field approximation for the present model 
 

• Implement Metropolis algorithm for the present model 
 

• Sketch its phase diagram (, T)  



The phase diagram of the Blume-Capel model contains a tricritical point 

Recent simulations: https://arxiv.org/abs/1504.02565 

https://arxiv.org/abs/1504.02565


Optimization: 
 
- Store exp(-E/T) in an array 

 
- Cluster algorithms  (for  vicinity of critical points) 

 
- Continuous time  algorithm (select  spins nonuniformly, but the flip  
      is always accepted) 
 
-     histogram, multispin coding, Wang-Landau, etc… 
 



Wulff  single-cluster algorithm 

[U. Wolff, PRL 62 (1989) 361] 





… and some more 

Boundary conditions, surface effects,  interfacial effects (wetting) 
 
Exchange dynamics: exchanges pair of spins (conserves magnetiztion!) 
 
Hard core systems, Lennard-Jones   

Glasses, biomolecules, … 

Some versions of Ising model have local (gauge-like) symmetries.  

F.J. Wegner, Duality in generalized Ising models and phase transitions 
without local order parameter, J. Math. Phys. 12 (1971) 2259 



Simulated Annealing 
 Motivated by the physical annealing process 

 Material is heated and slowly cooled into a 
uniform structure 

 Simulated annealing mimics this process 

 The first SA algorithm was developed in 
1953 (Metropolis) 



Simulated Annealing 
 SA allows up-hill steps 

 In SA a move is selected at random and then 
one decides whether to accept it 

 In SA better moves are always accepted. Worse 
moves are accepted with some probability 
(that decreases during the simulations) 



Greedy Algorithm

gets stuck here!

Locally Optimum

Solution.

Simulated Annealing explores

more. Chooses this move with a

small probability (Hill Climbing)

Upon a large no. of iterations,

SA converges to this solution.

Initial position

of the ball

SA as a movement on an energy landscape 



Simulated Annealing 

 Kirkpatrick (1982) applied SA to 
optimisation problems 

 Kirkpatrick, S , Gelatt, C.D., Vecchi, M.P. 
1983. Optimization by Simulated Annealing. 
Science, vol 220, No. 4598, pp 671-680 

 



Spin glasses 

Find a ground state of spin glass using simulated annealing 
 
Find a ground state using genetic algorithm 




